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$(\Omega, \mathcal{F}, \mu)$ $\mathcal{F}$




$\sigma$- $\mathcal{A}\subset$ $\mathcal{F}$- $f$ : $\Omegaarrow \mathbb{R}$ $\mathcal{A}$
$1_{E}f\in L^{1}(\mathcal{F},\mu)$ for all $E\in \mathcal{A}$
$\mathcal{A}$ $\mathcal{A}$ $L_{\mathcal{A}}^{1}(\mathcal{F}, \mu)$
$\mathcal{G}\subset \mathcal{F}$
$\sigma$- $\mathcal{F}$ $\sigma$- $\mathcal{G}$
$\mathcal{G}^{0}$
$g\in L_{\mathcal{G}^{0}}^{1}(\mathcal{G}, \mu)$ $f\in L_{\mathcal{G}^{0}}^{1}(\mathcal{F}, \mu)$ $\mathcal{G}$
$\int_{G}fd\mu=\int_{G}gd\mu$ for all $G\in \mathcal{G}^{0}$




$\sigma$- $(\mathcal{F}_{i})_{i\in \mathbb{Z}}$ $\mathcal{F}$ filtration $\mathcal{F}_{i}\subset \mathcal{F}_{j}\subset \mathcal{F},$ $i,j\in \mathbb{Z},$ $i<j$
$(\Omega, \mathcal{F}, \mu;(F_{i})_{i\in \mathbb{Z}})$ $\sigma$- filtered measure space
$\mathcal{L}:=\bigcap_{i\in \mathbb{Z}}L_{\mathcal{F}^{0}}^{1}.(\mathcal{F}, \mu)$
$i<j$ $L_{\mathcal{F}_{i}^{0}}^{1}(\mathcal{F}, \mu)\supset L_{\mathcal{F}_{j}^{0}}^{1}(\mathcal{F}, \mu)$ $f\in \mathcal{L}$ [
$E[f|\mathcal{F}_{i}]$ $\mathcal{E}_{i}f$
$\mathcal{E}_{i}f\in L_{\mathcal{F}_{i}^{0}}^{1}(\mathcal{F}, \mu)$
1. $(\Omega, \mathcal{F}, \mu;(\sqrt{i})_{i\in \mathbb{Z}})$ $\sigma$ - filtered measure space $(f_{i})_{i\in \mathbb{Z}}$
$f_{i}\in L_{\mathcal{F}^{0}}^{1}.\cdot(\mathcal{F}_{i}, \mu)$ $=\mathcal{E}_{i}f_{j}$ for $i<j$ $(f_{i})$
1 $L_{P_{i})}^{1}(\mathcal{F}_{i}, \mu)=L^{1}(\mathcal{F}_{i}^{0}, \mu)$
$\sigma$- filtered measure space














$\Vert T_{\alpha}f\Vert_{Lq(wd\mu)}\leq C_{\alpha,w}\Vert f\Vert_{Lp(d\mu)} (0<q<\infty, 1<p<\infty)$ (1)
Doob $M_{\alpha}$
$\Vert M_{\alpha}f\Vert_{Lq(ud\mu)}\leq C\Vert f.\Vert_{Lp(vd\mu)}(1<p\leq q<\infty)$ (2)
Doob sharp
$1<p\leq q<\infty$ $T_{\alpha}$ (1)
(1)
$\Vert T_{\alpha}(gw)\Vert_{L(d\mu)}p’\leq C\Vert g\Vert_{L(wd\mu)}q’$ (3)
( $p’=$ $P$ ).
(1) (3) $1_{E}$ $( E\in F_{i}, i\in \mathbb{Z})$ (1)
Sawyer([29])
Sawyer
$( \int_{E}(\sum_{j\leq i}\alpha_{j})^{q}wd\mu)^{\frac{1}{q}}\leq C\mu(E)^{\frac{1}{p}} (\forall E\in F_{i}, \forall i\in \mathbb{Z})$ , (4)





$i\in \mathbb{Z}$ $\overline{\alpha}_{i}:=\sum_{j\geq i}\alpha_{j}$
$\mathcal{E}_{i}\overline{\alpha}_{i}\approx\overline{\alpha}_{i}$ (6)
( $=$ )
2. $1<p\leq q<\infty$ $\alpha$ (6) $w\in \mathcal{L}^{+}$
(a) $C_{1}>0$
$\Vert T_{\alpha}f\Vert_{Lq(wd\mu)}\leq C_{1}\Vert f\Vert_{Lp(d\mu)}$
(b) $C_{2}>0$ $E\in \mathcal{F}_{i}^{0},$ $i\in \mathbb{Z}$
$( \int_{E}(\sum_{j\leq i}\alpha_{j}\mathcal{E}_{j}w)^{p’p}d\mu)^{\urcorner}1\leq C_{2}[wd\mu](E)q\urcorner 1$
$C_{1},$ $C_{2}$
$0<q<P<\infty,$ $1<p<\infty$ Cascante-Ortega-Verbitsky $(’ 04,$
$06)([4], [5])$ $0<q<p<$ oo, $1<p<\infty$
(1) Wolff
filtered measure space $\alpha$
(6) ”
“
3. $0<q<p<\infty,$ $1<p<\infty$ $\alpha$ (6) $w\in \mathcal{L}^{+}$
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(a) $C_{1}>0$
$\Vert T_{\alpha}f\Vert_{L^{q}(wd\mu)}\leq C_{1}\Vert f\Vert_{L^{p}(d\mu)}$




$0<q<p<\infty$ $1<p<\infty$ (b) (a) $C_{1}\leq CC_{2}$
$1<q<p<\infty$ (a) (b) $C_{2}\leq CC_{1}$
Doob $M_{\alpha}$
$p=q,$ $\alpha_{i}=1_{\Omega}(i\in \mathbb{Z})$ , $\Omega$
Long-Peng(’86) ([23])
4. $1<p\leq q<\infty$ $\alpha_{i},$ $i\in \mathbb{Z}$ - $u,$ $v\in \mathcal{L}^{+}$
(a) $C_{1}>0$
$\Vert M_{\alpha}f\Vert_{Lq(ud\mu)}\leq C_{1}\Vert f\Vert_{LP(vd\mu)}$
(b) $\sigma=v^{1-p’}\in \mathcal{L}^{+}$ $C_{2}>0$ $E\in \mathcal{F}_{i}^{0},$ $i\in \mathbb{Z}$
$( \int_{E}(\sup_{j\geq i}\alpha_{j}\mathcal{E}_{j}\sigma)^{q}ud\mu)^{\frac{1}{q}}\leq C_{2}[\sigma d\mu](E)^{\frac{1}{p}}$
$C_{1},$ $C_{2}$
Chang$(’ 94)([6])$ $p=q$ 4 (b)
4
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5. $1<p<\infty$ $w\in \mathcal{L}^{+}$ $\sigma=w^{1-p’}\in \mathcal{L}^{+}$ ( $P’$ $P$
)
(a) $C_{1}>0$




$C_{2}\leq C_{i}^{p}, C_{1}\leq CC^{\frac{i}{2p-1}}$
Hyt\"onen-Perez(’ 11, preprint) ([14]) 5
$1<p<\infty,$ $w\in \mathcal{L}^{+}$ $\sigma:=w^{1-p’}\in \mathcal{L}^{+}$
$[w]_{A_{p}}:= \sup_{i\in \mathbb{Z}}\Vert(\mathcal{E}_{i}w)(\mathcal{E}_{i}\sigma)^{p-1}\Vert_{L}\infty(d\mu)$
$[w]_{A_{\infty}}:= \sup_{i\in Z}\Vert(\mathcal{E}_{i}w)\exp(-\mathcal{E}_{i}(\log w))\Vert_{L}\infty(d\mu)$
$w\in \mathcal{L}^{+}$ $[w|_{A_{p}}<\infty$ $w$ $A_{p}$ $A_{\infty}$
H\"older $[w]_{A_{p}}\geq 1,$ $[w]_{A_{\infty}}\geq 1$
5
$\Vert(\cdot)^{*}\Vert_{Lp(wd\mu)arrow L^{p}(wd\mu)}\leq C_{p}[w]^{\frac{1}{A_{p}p-1}}$ , (7)
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